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ABSTRACT 

 In this work, a semi-analytical model of shock response spectrum (SRS) in rectangular plates under impulse loads is 

carried out. Firstly, the modal analysis technique is employed to solve the acceleration response of rectangular Reissner-

Mindlin plates with simply-supported edges. Then, semi-analytical expression of corresponding SRS is obtained after 

introducing the convolution integrals. With the semi-analytical model, the characteristics of SRS with input variable 

parameters, such as excitation load and dynamic parameters of plates, are analyzed systematically. Subsequently, a finite 

element model (FEM) of rectangular Reissner-Mindlin plate is developed to study and verify the regulation effect of 

excitation load (peak and duration) on the characteristics of SRS. The simulation results indicate that the response 

accelerations and corresponding SRS of plate agree well with the regulations from semi-analytical model. Lastly, 

rectangular Reissner-Mindlin plates with various variable parameters are simulated with FEM model to further explore the 

regulation effects of SRS, and results indicate characteristics of SRS are highly dependent on each input variable (excitation 

load, dynamic characteristic, response position and boundary condition of plate). 
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1. INTRODUCTION 

The response of mechanical structure with a shock excitation applied is characterized by transient decaying motions called 

pyroshock1. In aerospace mission, the pyroshock plays an important role in the explosion of ordnance devices during 

separation of equipment, opening of solar sails or the launch of a satellite, which may cause failures of fragile components 

and structures, especially in electronic equipment2-5. Therefore, it is necessary to perform pyroshock tests for the sensitive 

elements of a space flight at first in order to evaluate and assure its functionality. Owing to the complexity and uncertainty 

of pyroshock environment, it is difficult to describe the shock propagation and its level in the structures. Therefore, the 

concept of shock response spectrum (SRS) is proposed to characterize and simulate the real pyroshock environment in 

laboratory, and become a widespread tool in pyroshock tests6. The SRS is broadly defined as the peak response of an array 

of 𝑛 damped single degree of freedom (SDOF) oscillators (mass is 𝑚𝑖, stiffness is 𝑘𝑖 and damping is 𝑐𝑖 = 0.1√𝑚𝑖𝑘𝑖) to 

an excitation as a function of the nature frequency (𝑓𝑖) of the oscillators and their peak acceleration (𝑎𝑖 = max|𝑥̈𝑖(𝑡)|) are 

mostly used in aerospace engineering (see Figure 1)7,8. In order to establish the specification of SRS tests, governments 

and aerospace administrations define a series of standards, such as MIL, NASA and IEST, that provides strict requirements 

and techniques for pyroshock tests9-11. 

According to the characteristics of pyroshock signal (high acceleration and bandwidth), the proposed SRS standards 

describe the pyroshock environment as a polygonal line (corner frequency and peak acceleration plateau) and SRS 

tolerances. When the pyroshock test generates a specific SRS without leaving the tolerance lines prescribed, it is confirmed 

that the pyroshock environment is replicated correctly12,13. Figure 2 has shown an example of SRS standard with the given 

tolerances. To fulfill the test standards and make SRS within the well-define tolerance, there are three main types empolyed 

in pyroshock tests (electrodynamic shaker, mechanical impact and initiating explosive devices). The electrodynamic shaker 

is used to simulate the pyroshock environment by its feasibility14, but is rarely adopted in far-field pyroshock tests due to 

its limitation of peak acceleration and bandwidth. The generation peak acceleration of SRS by electrodynamic shaker can 

only reach 2000g within a bandwidth of less than 5kHz15. The method of mechanical impact-typed test is usually used for 
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mid- and far-field pyroshock environment with peak acceleration varying from 1000-5000g and substantial spectral content 

above 5000Hz16. The resonant facility, such as plates or beams, is struck with an impactor and generates transient 

acceleration signal, which makes pyroshock tests more convenient17,18. The third method for near-field pyroshock test is 

initiating explosive devices, its peak acceleration could exceed 5000g and frequency above 10kHz19, but the hazard and 

low repeatability limit the application of this method20. As noted above, the mechanical impact-typed pyroshock test 

become most commonly applied in aerospace engineering due to its controllability and reproducibility. 

 

Figure 1. Scheme for SRS concept. 

 

Figure 2. An example of SRS standard. 

A main advantage of the mechanical impact-typed pyroshock test lies in the ability to match the desired SRS profile by 

changing the parameters of the setup (input load or resonant facility). However, obtaining an expected SRS by mechanical 

impact test is not easy owing to lack the systematic studies on the generating mechanism of resonant facility. Consequently, 

to acquire desired SRS and simulate pyroshock environment accurately, it is necessary to investigate the relationship 

between the variable parameters of the setup for pyroshock test (characteristics of the resonant facility, impulse loads, 

response position or boundary condition) and the corresponding SRS. To this end, R. David et al.21proposed the analytical 

expressions for the various common SRS forms, in which the impulsive mechanical-load was employed as the shock input. 

This method obtains the analytical SRS forms due to the simplified impulsive input load, which is not coincident with real 

pyroshock environment. Following with this study, David22 calculated the shock response of a thin plate with transverse 

load, and the results were verified by finite element analysis (FEA). Considering that pyroshock signal is simulated by the 

resonant facility, such as beam and plate, there are many researches focusing on the response of plate or beam. Liew et 

al.23 conducted the vibration analysis of Mindlin plates by setting boundary characteristic orthogonal polynomials, and 

obtained the exact solution of the eigenvalue of thick plate. Reddy et al.24 studied the relationship for solution of the 

classical plate theory and its shear deformation, which improved the accuracy of the numerical results. Reynolds et al.25 

Proc. of SPIE Vol. 13395  133951X-2



considered the low accuracy at high frequency of the FEA, the asymptotic modal analysis was used for the approximate 

solutions of the transient response of a panel. However, the relationship between the response of plate and corresponding 

SRS is insufficient. By combining the response of plate with the characteristic of SRS, Botta et al.26 evaluated the 

relationship of characteristic of SRS with geometric parameters of Mindlin plate under various impulsive loads, which 

presented a link between the resonant plate and corresponding SRS. However, this research focuses on the influence of 

rise ramp of impulse without experimental verification. Parzianello et al.27 analyzed the effects of the input parameters of 

trapezoidal force on the characteristic of SRS, and introduced a method to match an experimental signal using a FEA 

model with combination of force impulses. Subsequently, Lacher et al.28 proposed a mechanical model that consisted of 

the contact between the rigid sphere and a free deformable plate. By studying the theory of impact and propagation of 

longitudinal stress wave, the model provided a semi-analytical solution of the response of plate. Based on this model, 

Morais et al29 provided a comprehensive study and characterization of the pendular resonant shock test system, in which 

the comparison between the FEA and experiment was carried out. Li et al.30 additionally considered a slender beam under 

impulsive load and the yield strength of structure by FEM simulation. 

In summary, the previous literatures about the impact-typed SRS are lack of the systematic study for relationship between 

the shock input, dynamic characteristic of resonant facility and corresponding SRS characteristic. The main deficiencies 

can be summarized as follow: 

(1) The analytical solution for response of resonant facility including experimental verification is neglected. Botta et al.26 

established the analytical model of response of the Mindlin plate and studied the influence of ramp type of impulse on 

SRSs without corresponding experimental verification. Similarly, Parzianello et al.27 considered the force input shape 

effect on SRS curve, and conducted the hypervelocity impact experiment to match the SRS mainly based on FEA and SEA 

without analytical calculation. 

(2) Most of the preceding studies only presented the semi-analytical solutions of SRS by the expressions of the response 

of resonant facility. David et al.22 and Lacher et al.28 obtained the analytical expressions for a rectangular plate under the 

transverse and longitudinal shock loading respectively without calculating the SRS analytically. Although the R. David et 

al.21 provided the analytical descriptions of various SRSs, considering the impulsive loads as the shock inputs 𝑦̈(𝑡) (shown 

in Figure1), which was not coincident with real pyroshock signals. 

(3) There is no practical guidance for engineers to perform pyroshock tests. The preceding literatures26-29 had investigated 

the relationship between the impulsive load, response positions and SRSs. However, the methods to match the desired SRS 

profile were not given, thus, the conclusions of these studies cannot be applied to engineering. 

The number of literatures on SRS combining the theoretical with experimental results is quite insufficient, and the 

analytical calculation of SRS under impulsive load needs to be carried out, to the best of the authors’ knowledge. This 

paper proposes a semi-analytical solution of SRS by Reissner-Mindlin plate theory, modal analysis technique and the 

convolution integrals. The relationship between dynamic characteristics of the resonant plate, input loads, response 

position, boundary condition and corresponding SRS characteristic is investigated by a semi-analytical expression of SRS. 

Meanwhile, a finite element model (FEM) is established and series of simulations are conducted to verify the relationship 

between the SRS and each experimental variable. 

2. REISSNER-MINDLIN PLATE THEORY 

The theory of Reissner-Mindlin plates provides reasonably accurate estimation for moderately thick plates31. Different 

from the Kirchhoff-Love model, Mindlin plate model takes into account the shear deformability and rotatory inertia, and 

natural modes at high frequencies will not be omitted, which is significant as the thickness span increases32-34. To 

accomplish the analytical solutions of SRS, the method of modal superposition is applied to calculate the response of a 

rectangular plate with four simply-supported edges when an impulsive shock is inputted. And the algebraic expressions of 

corresponding SRS can be presented by the convolution integrals. 

2.1 The eigenfrequencies of simply-supported plate 

Consider a flat, isotropic and rectangular plate of uniform thickness (ℎ), length (𝑎), width (𝑏), Young’s modulus (𝐸), 

Poisson’s ratio (𝜈) and mass density (𝜌). It is simply-supported on all four edges and subjected to a transverse point force 

𝑃, as shown in Figure 3. 
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Figure 3. Simply-supported plate reference configuration. 

The constitutive equation that governs free vibrations of Reissner-Mindlin plates is well-known35. By combining the strain, 

stress tensor with the equilibrium equations in terms of displacements and loads, the equation for Mindlin plate is obtained: 

𝐷∇4𝑤 + 𝜔2𝜌 (
𝐷

𝜂
+
ℎ3

12
)∇2𝑤 + 𝜔2 (

ℎ3𝜔2𝜌2

12𝜂
− 𝜌ℎ)𝑤 = 0 𝑜𝑟 𝑃                        (1) 

Where 𝐷 = 𝐸 ℎ3 [12(1 − 𝜈2)]⁄  is the flexural rigidity and 𝜂 = 𝐺𝜅2  is the shear coefficient (𝐺 = 𝐸 [2(1 + 𝜈)]⁄  is the 

shear modulus and 𝜅2 = 5 6⁄ 𝑜𝑟 𝜋2 12⁄  is the shear correction factor36). 𝑤  is defined as the transverse (𝑧-direction) 

displacement of the neutral surface and ∇4 is the dual application of the Laplacian operator. 

The simply-supported boundary conditions can be written as: 

𝑤 = 0 𝜓𝑠 = 0 𝑀𝑛 = 0                                                      (2) 

Where the 𝜓 and 𝑀 are the bending rotation and moment of edge, their subscript notation 𝑠, 𝑛 denote the normal and 

tangential directions, respectively. Thus, the analytical transverse eigenmodes are expressed by 

𝑊𝑚𝑛(𝑥, 𝑦) = 𝑠𝑖𝑛
𝑚𝜋𝑥

𝑎
𝑠𝑖𝑛

𝑛𝜋𝑦

𝑏
                                                     (3) 

And the rotation eigenmodes are: 

𝛹𝑚𝑛(𝑥, 𝑦) = −𝐶𝑚𝑛𝜋{

𝑚

𝑎
𝑐𝑜𝑠

𝑚𝜋𝑥

𝑎
𝑠𝑖𝑛

𝑛𝜋𝑦

𝑏
𝑛

𝑏
𝑠𝑖𝑛

𝑚𝜋𝑥

𝑎
𝑐𝑜𝑠

𝑛𝜋𝑦

𝑏

                                      (4) 

The coefficients of rotation eigenmodes are: 

𝐶𝑚𝑛 =
(
𝑚𝜋
𝑎 )

2 + (
𝑛𝜋
𝑏
)2 −

𝜌𝜔𝑚𝑛
2

𝜂

(
𝑚𝜋
𝑎 )

2 + (
𝑛𝜋
𝑏
)2

= 1 −
1

𝜂
√
𝜌𝐷

ℎ

𝜔𝑚𝑛
2

𝜔̂𝑚𝑛
𝐾𝐿                              (5)

 

With the frequency of vibration of the Kirchhoff-Love plate37 

𝜔̂𝑚𝑛
𝐾𝐿 = 𝜋2(√

𝐷

𝜌ℎ
)(
𝑚2

𝑎2
+
𝑛2

𝑏2
)                                                  (6) 

Substituting the Eq. (3) and (4) into Eq. (1), the expression for the natural frequency of simply-supported plate is shown 

in Eq. (7) below26: 
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𝜔𝑚𝑛
2 =

1

2ℎ3𝜌

[
 
 
 
 
 
 

√
𝜌ℎ

𝐷
𝜔̂𝑚𝑛
𝐾𝐿 ℎ3𝜂 + 12𝜂ℎ + 12𝐷√

𝜌ℎ

𝐷
𝜔̂𝑚𝑛
𝐾𝐿

−√(12𝜂ℎ + (𝜂ℎ3 + 12𝐷)√
𝜌ℎ

𝐷
𝜔̂𝑚𝑛
𝐾𝐿 )2 − 48ℎ4𝜂𝜌(𝜔̂𝑚𝑛

𝐾𝐿 )2

]
 
 
 
 
 
 

                        (7) 

2.2 The general response of Mindlin plate 

As presented in Introduction, the modal analysis technique must be used to calculate the analytical response of Mindlin 

plate. Consider the undamped plate using the method of modal superposition, the equilibrium equations with the load 𝐹 

can be written as26: 

𝐻𝑢̈ + 𝐿𝑢 = 𝐹                                                                          (8) 

With 

𝐻 = [

𝜌ℎ3 12⁄ 0 0

0 𝜌ℎ3 12⁄ 0
0 0 𝜌ℎ

] 𝑢 = [

𝜓𝑥(𝑥, 𝑦, 𝑡)
𝜓𝑦(𝑥, 𝑦, 𝑡)

𝑤(𝑥, 𝑦, 𝑡)
] 𝐹 = [

𝑓𝑥
𝑓𝑦
𝑓𝑧

]

𝐿 =

[
 
 
 
 
 
 −
𝐷

2
[2

𝜕2

𝜕𝑥2
+ (1 − 𝜈)

𝜕2

𝜕𝑦2
] + ℎ𝜂 −

𝐷

2
(1 + 𝜈)

𝜕2

𝜕𝑥𝜕𝑦
ℎ𝜂

𝜕

𝜕𝑥

−
𝐷

2
(1 + 𝜈)

𝜕2

𝜕𝑥𝜕𝑦
−
𝐷

2
[2

𝜕2

𝜕𝑦2
+ (1 − 𝜈)

𝜕2

𝜕𝑥2
] + ℎ𝜂 ℎ𝜂

𝜕

𝜕𝑦

−ℎ𝜂
𝜕

𝜕𝑥
−ℎ𝜂

𝜕

𝜕𝑦
−ℎ𝜂 (

𝜕2

𝜕𝑥2
+
𝜕2

𝜕𝑦2
)
]
 
 
 
 
 
 
             (9) 

Where 𝐻 and 𝐿 are the mass matrix and stiffness matrix respectively, 𝐹 is the excited load and 𝑢 is the response of the 

plate in each of the coordinate directions. 

Therefore, the displacement vector 𝑢  can be expressed by superposition of corresponding normal modal coordinate 

𝛽𝑚𝑛(𝑡)
38: 

𝑢(𝑥, 𝑦, 𝑡) =∑ ∑ 𝛽𝑚𝑛(𝑡)𝑈𝑚𝑛(𝑥, 𝑦)
∞

𝑛=1

∞

𝑚=1
=∑ ∑ 𝛽𝑚𝑛(𝑡)

∞

𝑛=1

∞

𝑚=1

{
 
 

 
 −

𝐶𝑚𝑛𝜋𝑚

𝑎
𝑐𝑜𝑠 (

𝑚𝜋𝑥

𝑎
) 𝑠𝑖𝑛 (

𝑛𝜋𝑦

𝑏
)

−
𝐶𝑚𝑛𝜋𝑛

𝑏
𝑠𝑖𝑛 (

𝑚𝜋𝑥

𝑎
) 𝑐𝑜𝑠 (

𝑛𝜋𝑦

𝑏
)

𝑠𝑖𝑛 (
𝑚𝜋𝑥

𝑎
) 𝑠𝑖𝑛 (

𝑛𝜋𝑦

𝑏
)

(10)   

Substituting Eq. (10) in Eq. (8), the equilibrium equation becomes: 

𝛽̈𝑚𝑛(𝑡) + 𝜔𝑚𝑛
2 𝛽𝑚𝑛(𝑡) =

𝑓𝑚𝑛(𝑡)

𝑀𝑚𝑛

                                                 (11) 

The generalized mass 𝑀𝑚𝑛 and load 𝑓𝑚𝑛(𝑡) can be obtained by modal orthogonality39 as below: 

𝑀𝑚𝑛 = ∫ ∫ 𝑈𝑚𝑛
𝑇

𝑏

0

𝐻𝑈𝑚𝑛𝑑𝑥𝑑𝑦
𝑎

0

= (
𝑎𝑏

4
) [𝜌ℎ + (

𝜋2𝑚2𝐶𝑚𝑛
2

𝑎2
+
𝜋2𝑛2𝐶𝑚𝑛

2

𝑏2
)
𝜌ℎ3

12
]

𝑓𝑚𝑛(𝑡) = ∫ ∫ 𝐹𝑈𝑚𝑛

𝑏

0

𝑑𝑥𝑑𝑦
𝑎

0

                     (12) 

And convolution integrals40 can help to solve Eq. (11): 
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𝛽𝑚𝑛(𝑡) = 𝛽𝑚𝑛(0) 𝑐𝑜𝑠(𝜔𝑚𝑛𝑡) +
𝛽̇𝑚𝑛(0)

𝜔𝑚𝑛
𝑠𝑖𝑛(𝜔𝑚𝑛𝑡) +

1

𝑀𝑚𝑛𝜔𝑚𝑛
∫ 𝑓𝑚𝑛(𝜏)
𝑡

0

𝑠𝑖𝑛 𝜔𝑚𝑛(𝑡 − 𝜏) 𝑑𝜏         (13) 

Together with initial conditions: 

𝛽𝑚𝑛(0) = ∫ ∫ 𝑢(𝑥, 𝑦, 0)
𝑏

0

𝑈𝑚𝑛𝑑𝑥𝑑𝑦
𝑎

0

𝛽̇𝑚𝑛(0) = ∫ ∫ 𝑢̇(𝑥, 𝑦, 0)
𝑏

0

𝑈𝑚𝑛𝑑𝑥𝑑𝑦
𝑎

0

                                            (14) 

As for load 𝐹, the excitation applied to a resonant facility (beam or plate) is due to the transverse mechanical impact 

generally. Impact is defined as a sudden contact of a moving body with another one and is a complex phenomenon41. There 

are several contact concepts usually adopted in impact engineering. Newton’s law of impact is based on the coefficient of 

restitution (experiment obtained) to describe two stages of impact (squeeze and restitution)42. Hertzian contact theory 

considers indentation between the rigid sphere and the deformable body and shows the linear elastic properties43. Therefore, 

the contact load can be approximated as a half sine impact according to these concepts. An idealized half-sine impulsive 

load 𝑃 at point (𝑎 2⁄ , 𝑏 2⁄ ) (see in Figure 3) is employed as shock input in this paper, shown in Figure 4. 

 

Figure 4. Idealized half-sine impulsive load, where 𝐴 and 𝐷0 represent the peak and the pulse duration of the shock input 

respectively. 

The transverse point load 𝑃 is on the centroid (𝑎 2⁄ , 𝑏 2⁄ ) of neutral plane, thus the excited load 𝐹 can be expressed by 

𝐹 = [

0
0

𝑃 = 𝐴 𝑠𝑖𝑛
𝜋𝑡

𝐷0

]                                                          (15) 

Introducing the position function 𝑟 (𝑥, 𝑦) of transverse point load: 

𝑟(𝑥, 𝑦) = {
1, (𝑥 = 𝑎 2⁄ , 𝑦 = 𝑏 2⁄ )

0
                                       (16) 

And the generalized transverse load 𝑓𝑚𝑛(𝑡) will be constructed as: 

𝑓𝑚𝑛(𝑡) = ∫ ∫ 𝑟(𝑥, 𝑦) 𝐴 𝑠𝑖𝑛
𝜋𝑡

𝐷0
𝑠𝑖𝑛

𝑚𝜋𝑥

𝑎
𝑠𝑖𝑛

𝑛𝜋𝑦

𝑏

𝑏

0

𝑑𝑥𝑑𝑦
𝑎

0

= 𝐴 𝑠𝑖𝑛
𝜋𝑡

𝐷0
𝑠𝑖𝑛

𝑚𝜋

2
𝑠𝑖𝑛

𝑛𝜋

2
                     (17) 

Combining the Eq. (10), (11) with Eq. (17), the transverse acceleration response of Mindlin plate on the centroid (𝑎 2⁄ , 𝑏 2⁄ ) 

of neutral plane can be obtained: 

                                                      𝑤̈ (
𝑎

2
,
𝑏

2
, 𝑡) = {

∑ ∑ −
𝐴𝐷0[𝜋𝜔𝑚𝑛

2 𝑠𝑖𝑛(𝜔𝑚𝑛𝑡)−
1

𝐷0
𝜋2𝜔𝑚𝑛 𝑠𝑖𝑛

𝜋𝑡

𝐷0
]𝑊2

𝑀𝑚𝑛𝜔𝑚𝑛(𝜋
2−𝐷0

2𝜔𝑚𝑛
2 )

∞
𝑛=1

∞
𝑚=1 , 𝑡 ∈ [0, 𝐷0] 

∑ ∑ −
𝐴𝐷0𝜋[𝜔𝑚𝑛

2 𝑠𝑖𝑛(𝜔𝑚𝑛𝑡)−𝜔𝑚𝑛
2 𝑠𝑖𝑛𝜔𝑚𝑛(𝐷0−𝑡)]𝑊

2

𝑀𝑚𝑛𝜔𝑚𝑛(𝜋
2−𝐷0

2𝜔𝑚𝑛
2 )

∞
𝑛=1

∞
𝑚=1 , 𝑡 ∈ [𝐷0, ∞]

         (18)  
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Where the analytical expression of acceleration response is composed of the forced vibration 𝑡 ∈ [0, 𝐷0] and free vibration 

𝑡 ∈ [𝐷0, ∞] of Mindlin plate. 

2.3 The semi-analytical solutions of SRS 

According to the definition of SRS, the transverse acceleration response of plate Eq. (18) is employed as the shock inputs 

𝑦̈(𝑡) of the base in Figure 1, and the maximum absolute acceleration responses of a series of SDOF oscillators to that 

excitation are solved as the function of the nature frequency of these oscillators. There are several algorithms of the 

response of the SDOF oscillators to shock input applied in solution of SRS. Convolution integrals originate from 

superposition of impulse response function in time domain44. Fourier transform method is derived by impulse response 

function, which transforms the integral in time domain into multiplication in frequency domain. Digital filtering method45 

is based on the Z-transform of transfer function, and is most commonly used in engineering due to its high accuracy. In 

order to analytically accomplish expression of SRS, the non-numerical convolution integral is required. Simplified 

calculation of the displacement responses of the SDOF oscillators 𝑥̈𝑖(𝑡) by neglecting their dampers, the convolution 

integral is written as: 

𝑥̈𝑖(𝑡) = −
1

𝜔𝑖
∫ 𝑤̈ (

𝑎

2
,
𝑏

2
, 𝜏)

𝑡

0

𝑠𝑖𝑛 𝜔𝑖(𝑡 − 𝜏) 𝑑𝜏                              (19) 

Where 𝜔𝑖 = 2𝜋𝑓𝑖 is the nature cyclic frequency of the oscillator. 

Therefore, the analytical response of SDOF oscillator can be expressed by: 

𝑥̈𝑖(𝑡) =
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(20)  

The maximum of Eq. (20) is the peak acceleration of SDOF oscillator and the value of SRS curve. However, the 

complicated trigonometric functions in Eq. (20) lead to the difficulty in obtaining the analytical expression of SRS, thus, 

a simplified method need to be employed. Considering the characteristics of trigonometric functions, ±1 are utilized to 

replace the ±sin 𝑡 or ±cos 𝑡 in Eq. (20). After combining the responses of forced vibration and free vibration, the semi-

analytical model of SRS is obtained as 

𝐴𝑐𝑐(𝜔𝑖) = 𝑚𝑎𝑥|𝑥̈𝑖(𝑡)| ≈
𝐴𝐷0𝜋[2𝜔𝑚𝑛

2 𝜔𝑖 + 2𝜔𝑚𝑛
3 +𝜔𝑚𝑛

2 )]

𝑀𝑚𝑛𝜔𝑖𝜔𝑚𝑛(𝜋
2 − 𝐷0

2𝜔𝑚𝑛
2 )(𝜔𝑖

2 − 𝜔𝑚𝑛
2 )

𝑊2                        (21) 

There is obvious deviation on the amplitude of SRS in Eq. (21) due to the ignoring of damper and simplification of 

trigonometric functions. Although, the approximate expression of SRS can be used to analysis the relationship between 

dynamic characteristics of the resonant facility, impulse transverse loads, response position and corresponding SRS, as 

follow: 

(1) The one part of the denominator (𝜔𝑖
2 − 𝜔𝑚𝑛

2 ), where the 𝜔𝑖 and 𝜔𝑚𝑛 are the nature cyclic frequency of the SDOF 

oscillator and Mindlin plate respectively, illustrates that the local peak responses of SRS occur at the partial frequencies 

of resonant facility (in other words, the convexity of SRS curve will generate when 𝜔𝑖  is equal to 𝜔𝑚𝑛 ). And the 

phenomenon of shock spectrum dip effect46 can form at other nature frequencies of the SDOF oscillator. 

(2) The other part of denominator in Eq. (21) (𝜋2 − 𝐷0
2𝜔𝑚𝑛

2 ) can be used to explain the relationship between the impulsive 

load (𝑃) and the characteristics of SRS. The value of 𝜋 𝐷0⁄  is equivalent to the natural cyclic frequency of the harmonic 

signal, where the natural half-period is 𝐷0. This indicates that one natural frequency of resonant facility (𝜔𝑚𝑛 = 𝜋 𝐷0⁄ ) 

will be excited and local peak of SRS can be excited by impulsive load. 
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(3) The transverse natural modal (𝑊) of Mindlin plate in Eq. (21) contains the implication that the effect of response 

position is important for the profile of SRS. The response position of analytical SRS equation derived previously is 

(𝑎 2⁄ , 𝑏 2⁄ ), where the expression of 𝑊 is sin𝑚𝜋 2⁄ ∙ sin 𝑛𝜋 2⁄ . However, the value of second order natural modal (𝑚 =
2 𝑜𝑟 1, 𝑛 = 1 𝑜𝑟 2) is equal to zero at the center point, which is another reason of spectrum dip effect. In fact, as the 

response position shifts to (𝑎 4⁄ , 𝑏 4⁄ ), the other natural modal (𝑚 𝑜𝑟 𝑛 = 4) can tend to be zero again and corresponding 

profile of SRS will be changed at different response positions. 

3. VERIFICATION WITH SIMULATION 

3.1 Finite element model 

A finite model of rectangle plate subjected to impulse load is simulated with a commercial finite element software, 

ABAQUS, to investigate the SRS regulations. The geometry of the 3D FEM employed in this study is shown in Figure 5. 

Three different plates (1~3) are selected and the corresponding geometrical parameters are set as 400 × 400 × 30mm, 

400 × 400 × 20mm and 300 × 300 × 30mm, respectively. The material of these plates is aluminum and values of 

material properties are listed in Table 1. The boundary condition of the model is defined as simply-supported on all four 

edges, as shown in Figure 5. To be consistent with the semi-analytical model, the half-sine impulsive load is applied in the 

center position of the plate. For the mesh, the structured technique and medial axis algorithm were used to realize the 

hexahedral element shape. Generally, C3D8R elements are applied for modal-superposition response analysis. After the 

basic setup of the FEM, the time of calculation is about 15ms to guarantee adequate response duration, and three response 

positions (1~3) are extracted to analyze. 

 

Figure 5. Schematic of 3D FEM. 

Table 1. Values of material parameters of aluminum. 

Materials Density (𝐤𝐠/𝐦𝟑) Young’s modulus (𝐌𝐏𝐚) Poisson’s ration 

Aluminum    2700        71000     0.3  

Considering the sufficient mesh density is crucial for the validity of the simulation, the mesh-independent convergence of 

the simulation model should be assessed at first. Therefore, five mesh sizes ranging from 6 to 14mm are determined for 

plate-1. The peak and duration of impulsive load are defined as 10000N and 1ms, and the response acceleration in the 

position 1 is selected to estimated. The results of the mesh-independent convergence are shown in Figure 6. There are 

obvious deviations on response acceleration curves when the mesh size is set as 12mm and 4mm, but the response 

acceleration converged to the certain trend for mesh size below 10mm. Considering that the height of the plate was 30mm, 

the number of meshes was sufficient to obtain convergence trend. Thus, the critical mesh size was set to 10mm, and the 

total numbers of elements and nodes for the FEM are 6400 and 31549, respectively. 
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Figure 6. Mesh-independent convergence evaluation. 

3.2 Comparison between semi-analytical model and FEM 

To evaluate the effectivity of the FEM, three impulsive loads with different input parameters are applied in plate-1, and 

the response accelerations in position-1 from semi-analytical and FEM are selected to compare, in which the modal 

parameter (natural frequency), response acceleration and corresponding SRSs from semi-analytical and FEM are shown 

in Table 2 and Figure 7 (a-c). It can be found the simulated results are almost in agreement with the theoretical results, 

except for the tiny deviation of each order natural frequencies which may originate from the degree of mesh dispersion of 

simulation model. The maximum relative error of natural frequency between analytical expression in Eq. (7) and 

simulation is about 3%. As for response acceleration and SRSs, low-frequency components show a certain deviation and 

the errors become more obvious due to the double logarithmic coordinates of figures. The overall responses from 

simulation model agree well with semi-analytical model, which indicates developed FEM is suitable for describing the 

shock response of plate. 

Table 2. Natural frequency comparisons between the analytical expression and simulation. 

Results 
Order of natural frequency (𝐇𝐳) 

1 2 3 4 5 6 

Analytical expression 885.6 2150.1 3353.7 4125.3 5241.3 6660.5 

Simulation 870.8 2114.6 3252.3 4096.8 5097.1 6649.4 

Relative error (%) 1.69 1.67 3.01 0.71 2.75 0.17 

 

Among the results, the partial peaks of SRSs appeared at some certain natural frequencies of the simply-support plate, 

these frequencies are mainly the first, fourth and sixth order modal of plate-1, which verifies the relationship between the 

dynamic characteristics of resonant plate and SRS profile preliminarily. Comparing the SRSs in Figure 7 (a) and (c), the 

maximum of SRSs changes with different peak of impulsive loads, it is obvious that the overall profile of SRSs does not 

change with the same duration of shock load. Interestingly, the peak value of SRS decreases with increasing input durations 

in Figure 7 (a) and (b). Therefore, it can be deduced that the coupling effect of the peak responses and input durations need 

to be considered in SRS experiments. In summary, the results from simulation agree well with semi-analytical model and 

the partial SRS regulations obtained from semi-analytical model prove to be valid. 
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Figure 7. Comparisons of response acceleration and SRSs between semi-analytical expression and simulation. 

4. SRS REGULATION DISCUSSION 

With the aim to further systematical verification of SRS regulation effects, a series of simulation experiments are performed 

for parameterized analysis. The characteristics of SRS will be discussed by employing the five variables: peak of impulsive 

load, duration of impulsive load, natural frequency of resonant plate, response position of plate and boundary condition of 

plates. The natural frequency can be varied by using plates with different geometrical parameters as aforementioned in 

subsection 3.1. Three boundary conditions are applied on the edges of plates, where S represents simple-support, F means 

free and C is clamped. The sample groups of simulation are summarized in Table 3. 

Table 3. Parameterized analysis of SRS regulation. 

Sequence 

of groups 

Variable 

Peak of 

load (𝐍) 

Duration of 

load (𝐦𝐬) 
Sequence of 

plates 

Sequence 

response position 

Boundary 

condition 

Group 1 10000 0.5 Plate-1 Position-1 SSSS 

Group 2 10000 1 Plate-1 Position-1 SSSS 

Group 3 10000 2 Plate-1 Position-1 SSSS 

Group 4 10000 10 Plate-1 Position-1 SSSS 

Group 5 5000 1 Plate-1 Position-1 SSSS 

Group 6 15000 1 Plate-1 Position-1 SSSS 

Group 7 20000 1 Plate-1 Position-1 SSSS 

Group 8 10000 1 Plate-2 Position-1 SSSS 

Group 9 10000 1 Plate-3 Position-1 SSSS 

Group 10 10000 1 Plate-1 Position-2 SSSS 

Proc. of SPIE Vol. 13395  133951X-10



Sequence  

of groups 

Variable 

Peak of 

load (𝐍) 

Duration of 

load (𝐦𝐬) 
Sequence of 

plates 

Sequence 

response position 

Boundary 

condition 

Group 11 10000 1 Plate-1 Position-3 SSSS 

Group 12 10000 1 Plate-1 Position-1 CCFF 

Group 13 10000 1 Plate-1 Position-1 CCCC 

 

4.1 Effect of impulsive load 

In order to study the effect of impulsive load on the SRS, the simulation results of groups 1~7 are presented in  Figure 8 

and Figure 9. From Figure 8, it can be observed that both maximum of response acceleration and SRS decrease as the 

increasing duration of load. This can be attributed to the concentrated low frequency energy for large duration of impulsive 

loads. Therefore, the high frequency response of plate is not excited, which causes lower peak acceleration. In addition, 

both first and fourth order natural frequencies are excited with different duration, which indicates that the sensitivity of the 

first and fourth order modal of plate is higher than the rest modal. Furthermore, as the duration of load increases to 10ms, 
the low frequency response of SRS in group 4 becomes strong, as shown in Figure 8 (b), and the location of low frequency 

(100Hz) corresponds exactly to the frequency according to the duration of load. This is consistent with the regulation 

aforementioned in section 2. Figure 9 shows the peak of load effect on the response acceleration and corresponding SRS. 

The obvious regulation can be found that the overall responses of SRSs elevate as the peak load increases. Owing to the 

peak of impulsive load has little effect on frequency range of excitation energy, the profile of SRS is not sensitive to the 

peak of loads. Similarly, the partial natural frequencies of plate can also be observed in Figure 9 (b). 

 

Figure 8. Duration effect on response acceleration and SRS. 

 

Figure 9. Peak effect on response acceleration and SRS. 

4.2 Effect of natural frequency 

Figure 10 compares the response acceleration and characteristics of SRS with three different plates. Owing to different 

geometrical parameters, the natural frequencies are different. After simulating with FEM, the first order natural frequency 

of plate-2 and -3 are 583Hz and 1559Hz, respectively. With the same boundary condition, the stiffness of thicker plate 

becomes larger, leading to higher natural frequencies, but the stiffness decreases as the edge length of plate increase. 

Therefore, the corner frequency of SRS in plate will change when the dynamic characteristic of plates become different. 

Another interesting phenomenon is that the response accelerations and peak of SRS are also related to natural frequency 

of plate. As the natural frequency of plate increases, the peak of response decreases obviously. It can be deduced that high 
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frequency vibration predominates in the response of structures with higher stiffness, these structures can only be excited 

in larger amplitude under shock input with higher energy. Thus, the response acceleration of plate-3 is the least compared 

with other plates, as shown in Figure 10 (a). What’s more, there are some local peak accelerations in the SRSs within high 

frequency range, which represents the higher natural frequencies of plates. 

 

Figure 10. Natural frequency effect on response acceleration and SRS. 

4.3 Effect of response position 

To determine the effect of response position in SRS, the response accelerations in three different positions are collected 

and displayed in Figure 11. The maximum of response acceleration decreases as the distance between excited point and 

acquisition position increases. This may be attributed to the energy losses during the in-plate propagation of vibration. 

Meanwhile, the peak acceleration of SRS exhibits similar trend, as shown in Figure 11 (b). It is important to note that the 

local peak responses of SRSs within high frequency range is different at various positions. The first order natural frequency 

of plate still dominates the vibration of plates in different positions. However, the second order natural frequency is excited 

in the position-2, and fourth order frequency disappears at this point. To further explore the relationship between local 

peak in SRS and positions, the partial modal of plate-1 are presented in Figure 12. It can be found that the first and sixth 

modal can be excited in all positions, but the second modal in position-1 will not be present during the vibration. Similarly, 

the fourth modal in in position-2 are not obvious. Therefore, there is a small local peak in SRSs of group 10 and 11, but 

it is smooth at 4099Hz in the SRS of group 10. It can be concluded that the local peak response in SRS is mainly dependent 

on the position of acquisition. 

 

Figure 11. Response position effect on response acceleration and SRS. 

 

Figure 12. Partial modal of plate-1. 
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4.4 Effect of boundary condition 

In order to investigate the effect of boundary condition on the characteristics of SRS, two different boundary conditions 

are applied in the plate-1, respectively. Similarly, the response acceleration of plate with four edges clamped exhibits 

highest first order natural frequency but lowest amplitude, as shown in Figure 13. The first of natural frequency of plate 

with two edges free and other two edges clamped is about 314Hz, thus, the local peak at SRS of group 12 exists at that 

frequency. However, the conner frequency is not the first natural frequency in group 12, and the frequency of peak 

acceleration corresponds to 1164Hz, which is the second natural frequency of plate. Furthermore, the duration of load is 

1ms, and the corresponding frequency is about 1000Hz. Therefore, it can be deduced that the conner frequency also 

depends on the frequency corresponding to the duration of excitation load to some extent. In fact, the changes of boundary 

condition of plate mean the variation of its natural frequency, thus, the regulation of SRS can also be explained with 

previous conclusions. 

 

Figure 13. Boundary condition effect on response acceleration and SRS. 

5. CONCLUSIONS 

In this paper, the semi-analytical expression of SRS is obtained by combining with the Mindlin plate theory, modal analysis 

technique and the convolution integrals. The relationship between the resonant plate, impulse loads, response position and 

corresponding SRS are summarized according to the semi-analytical model. Meanwhile, the simulation model is developed 

and verified to be valid. 

The semi-analytical model of SRS and corresponding simulation results show that: (1) The dynamic characteristics of 

resonant plate, especially the natural frequency, determine the profile of SRS and the local peaks of SRSs which correspond 

to partial natural frequencies, (2) The peak and duration of impulsive load have large influence on the response acceleration 

level of SRS. The profile of SRS shows increasing trend with the increasing peak of load but decreasing trend with the 

increasing duration. Meanwhile the duration of load affects the corner frequency of SRS to some extent when the duration 

of load equals to the nature half-period of plate resonant facility, (3) The different natural frequencies will be presented at 

different response positions, and the local peaks of SRS will be displayed at different response points, (4) the boundary 

condition of plate can change the dynamic characteristics of plate, leading to different profiles of SRSs. 

The works in this paper are conducive to accurately analyze the effect of variable parameters on the characteristics of SRS, 

which is beneficial to efficiently design the resonant facility, shock input and response position to satisfy the pyroshock 

test requirement. Additionally, this research also offers the adjustment guidance for engineers, which is instructive to 

improve the efficiency of pyroshock experiments. 
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